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Tokens: 

An Algebraic Construction Common 
in Combinatorics, Analysis, and Physics 



imir V. Rlsli 



Abstract. We give a brief account of a construction called tokens here, which 
is significant in algebra, analysis, combinatorics, and physics. Tokens allow to 
express a semigroup on one set via a semigroup convolution on another set. 
Therefore tokens are similar to intertwining operators but are more flexible. 
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Pure mathematics consists of tautologies, analogous to 
"men are men," but usually more complicated. 

Bertrand Russell History of Western Philosophy, Chap. 
XVI 



1. Introduction 

It is a fact of our specialised world that mathematics today is cut across by 
several borders: between pure and applied, continuous and discreet — ^just to name 
few most significant ones. Yet there are many important and vivid links which 
spread through those "iron curtains" . 
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2. Newton's Binomial Formula 

Let us start from the fundamental binomial formula ("Newton's bmomial" 
according to Russian terminology): 

It has the immediate meaning: to express a power of a sum via powers of summands. 
This is of a doubtful computational benefit if applied just to real numbers. Besides 
that we could find several less obvious but not least important implications. It is 
worth first to restate the formula in a more symmetric form: 

^ ' n\ ^ k\ {n-k)\' 

fc=0 ^ ' 

There are its many different interpretations, see e.g. but we mention just one 
from each combinatorics, analysis, and algebra. 

2.1. Combinatorics. The expression counts a number of functions 

from a set TV of n elements to a set X of x elements if we do not distinguish 
functions obtained by permutations of elements of N. (This certainly true for an 
integer x but nothing could prevent a mathematician from "generalisation"). Then 
formula (^) reads as follows (see Figure |l]) : 



X 




Figure 1. Counting functions N ^ X UY . 



To count number of function from a set N of n elements to a union of set X 
and Y of X and y elements correspondingly split N in two subsets N' and N" of 
k and n — k elements respectively, multiply number of functions from N' to X and 
N" to Y and finally sum up over all possible splittings of N. 

The self-evidence of the above rule could serve as a proof of the binomial for- 
mula §). 

2.2. Analysis. Let D be the derivative operator or, equivalently, a linear 
operator on polynomials defined by the identity: 

D — j- = -7 or more generally D^*^-* — - = 



(n-1)! 7i! (n-fc)!' 
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Consequently we could modify the formula (g) as follows: 

n! ^ k\ (n-k)\ ^ fc! V n\ 

k=0 ^ ' fc=0 ^ 

k \ „,n / °° „fe 



(3) - E^-" 

\fc = / \/£ = 

where firstly we extract y" /nl out of sum in because it is independent of k and 
then extend summation to infinity in (^) because D*^'^' ^ ~ ^ ^'^^ k > n. Comparing 
the first (H) and the last (^) lines we find that we got an expression for the linear 
operator of shift by x acting on function y"/n! in terms of linear operator embraced 
in which is independent of n. Due to its linearity the formula is true for any 
linear combinations of functions y"^ /n\ and under suitable topological assumptions 
even for certain their limits. So we obtain the Taylor expansion for all functions 
represented by such limits: 

Coo J, \ 
/£=o ■ / 

2.3. Algebra. We use the notation p{n,x) for the polynomial x"/n\. Then 
the formula (j^) becomes: 

n 

p{n,x + y) = y^p{k,x)p{n~k,y), 

k=0 

or if we define p{n, a;) = for fc < and any x we get: 

oo 

(4) p{n,x + y)= ^ p{k,x)p{n- k,y). 

fc— — oo 

From the algebraic point of view we make the following observation. 

Observation 2.1. The formula (|^) expresses one algebraic operation (the sum 
of two real numbers in the second argument of p's) by another algebraic operation 
(a convolution over integers of first arguments of p's). 

This type of polynomials deserve a special name. 



Definition 2.2. [g, 12| A convolution polynomials, that is, a sequence of poly- 
nomials p(n, a;) in x with degp(n, x) = n and complex coefficients, satisfying the 
identities (||). 

A cousin object is as follows: 



Definition 2.3. [16] A polynomial sequence of binomial type, that is, a se- 
quence of polynomials p{n,x) in x with degp(rt, a;) = n and complex coefficients, 
satisfying the identities: 

(5) p{n,x + y)^ r^\p{k,x)p{n- k,y). 

fc=-oo ^ ^ 

We prefer the explicit structure of convolution in (^) vs. (|^). The good news is 
that there is an unlimited number of such polynomials. 
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Theorem 2.4. [2C], |12] Let f{t) be a formal power series: 



'■^ 4-n 

(6) /(t) = ^c„-, 

n=l 

then the function e^-^^*-* is a generating function for polynomials Pn{x) of the bino- 
mial type: 

(7) 5:p„(x)i^=e-/(*). 

n=0 

and coefficients Cn = P^i(O) in are called cumulants |l4| for the sequence Pn{x). 
Many examples of classic convolution polynomials obtained in this way are 



listed in [17 



3. Semigroups and Tokens 

We would like to generalise the notion of convolution polynomials. In order to 



do that we use the Observation 2.1. A proper ground for our construction should 



admit an operation of convolution. 

Definition 3.1. A semigroup C is called a left (right) cancellative semigroup 
if for any a, b, c € C the identity ca — cb (ac — be) implies a — b. A cancellative 
semigroup is both left and right cancellative semigroup. 

We still denote the unique-if-exist solutions to equations x ■ a — b and a ■ x — b 
by [6a~^] and [a^^fi] correspondingly. Here the braces stress that both [tia^^] and 
[a~^6] are monosymbols and just "a~^" is not defined in general. 

Of course any group is a cancellative semigroup. A simple examples which are 
not groups are N and R_|_ (positive real numbers). A convolution on N sets was 
used in (Q). There are less trivial examples. 

Example 3.2. Let P be a poset (i.e., partialy ordered set) and let C denote 
the subset of Cartesian square P x P, such that (a, b) G C iS a < b, a,b E P. We 
can define a multiplication on C by the formula: 

undefined , b ^ c; 
(a, d), b ~ c. 

One can see that C is a c-set. If P is locally finite, i.e., for any a < b, a, b G P the 
number of z between a and b {a < z < b) is finite, then we can define a measure 
d{a, 6) = 1 on C for any (a, b) e C. With such a measure one defines the correct 
convolution on C: 



(8) (a,6)(c,d) 



(9) h{a,b) = I f{c,d)g{[{c,d)-\a,b)])d{c,d)= ^ f{a,z)g{z,b). 



i<z<b 



The constructed algebra is the fundamental incidence algebra in combinatorics |Q . 

Now we generalise the property of convolution polynomials (jj). 

Definition 3.3. Let Ci and C2 be two c-semigroups. We will say that a 
function t{ci, C2) on Ci x C2 is a <oA;e7i|^ from Ci to C2 if for any c'l G Ci and any 



^Please toll mc if you know a better name for such a kind of objects. 
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C2 , C2 G C2 we have 

(10) / t(ci,C2)t([cr'c'i],4)dci =t(c'i,C24). 

In fact there is another set of object, called dissects which gives another 
generalisation of ([|), but only for a discrete sets. It is not clear at the moment if 
all results about tokens |^ could be extended to dissects. On the other hand all 
examples in this paper are described by semigroups and dissects are not necessary 
here. 

The natural question: are tokens useful? As an answer we list different exam- 
ples of tokens in the next sections. 



4. Examples of Tokens 

Many classic object in various fields could be identified as instances of tokens. 

4.1. Integral Kernels on Boundaries of Domains. There is a clear pat- 
tern of the same structure associated with many important integral kernels. 

Example 4.1. Let Ci be K" and C2 is E" x — the "upper half space" in 
M"+^. For the space of harmonic function in C2 — E" x K_|_ there is an integral 
representation over the boundary Ci — M" : 

f{v,t)^ P{u;v,t)f{u)du, w e Ci, e C2, w e M", t e M_^. 

Jci 

Here P{u,v) is the celebrated Poisson kernel 



^ ' ' ' \Sn\ (|u-i;|Vi2)(„+l)/2 

with the property usually referred as a semigroup property Chap. 3, Prob. 1] 

P{u;v + v',t + t') = / P{u';v',t')P{u-u';v,t)du'. 
Jci 

We meet the token in analysis. 



Example 4.2. We preserve the meaning of Ci and C2 from the previous Ex- 
ample and define the Weierstrass (or Gauss- Weierstrass) kernel by the formula: 

W(z; w, t) = J_ e^^^ = — i— / ^~i\u\^ ^-iu^z-w) ^ 
^ ' ' ^ (V2^)" (27r)" 

where 2; G Ci, {w, r) G C2. Function W{z; w, r) is the fundamental solution to the 
heat equation § 2.3]. We again have ^ Chap. 3, Prob. 1] 

W{z;w + w',t + t') = I W{z'-w' ,t')W{z- z';w,T)dz. 
Jci 

Thus we again meet a token. 

Two last Examples open a huge list of integral kernels [Q which are tokens of 
analysis. 
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4.2. Multiplicative Functions on Partitions. Two important examples of 
posets are lattices of partitions of a set and non-crossing partitions of an ordered 
set. 

We denote by 1{N) the set of sequences f{n), n e N, i.e. functions N ^ C. We 
also adopt the notion [21, § 5.1] Ef{x) for the exponential generating function 



.71 



n 

n=0 



associated to / e 

Let us define an operation on the set of sequences by means of composition 
corresponding exponential generating functions: 



(11) h = f^g, where ^ = = ^ 



n< 

n=0 n=0 



With this operation is not a group: for example g ^ does not exist when 
Eg{x) = x^ 1 21, § 5.4]. On the other hand (O) makes l(N) a c-semigroup, 



the uniqueness of an existing g could be derived similarly to proof of |21 
Prop. 5.4.1] 

Let $ be the constructor of multiplicative functions, i.e. for any sequence of 
numbers /(n) S ^(N) and an interval (cr, tt) in the lattice of partition it assign a 
number 

$(/, (a,7r)) = r^(i)r^(2)...r'=(fc)... , 

where 

We could restate the following result Th. 5.1.11] 

$(/*g,(cr,7r)) = J2 *(/'(^'^))^(5,('^,7r)) 

o'<z^<7r 

as an observation that $ is a token from c-semigroup of poset H to a c-semigroup 
of l(N) with the operation (p]). 

4.3. Special Functions from Group Representations. Let we have a rep- 
resentation T of a group G by invertible operators in a Hilbert space H. 

Definition 4.3. The matrix elements tjk{g) of a representation T of a group 
G (with respect to a basis {e^} in H) are complex valued functions on G defined 

by 

(12) i,fe(ff) = (T(5)e,,efc). 



Exercise 4.4. Show that [g^, § 1.1.3] 

1. T{g)ek = 'Ejtjkig)ej. 

2- tjk{gi92) = I]„^Jn(5l)^nfc(52)■ 



It is well known |15, 22 1 that many classic special functions (e.g. trigonometric 
Function| , Legendre , Jacoby, and Hermite polynomials; Bessel, Hankel, and hyper- 
geometric functions) appear from group representations according to the following 
definition. 
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Definition 4.5. [15, 22| A special function associated with a representation 
T of a group G is a matrix element tij (g) of T. 



Important addition formulae |23{ for special functions are in fact particular 
realisations of the simple identity: 

tjk{gig2) = ^tjn{gi)tnk{g2)- 

n 

But this identity states that the matrix coefScients tjk{g) generated by a repre- 
sentation of a group G are tokens from the semigroup (with a multiplication 
similar to (||)) to the group G. 



4.4. Wavelets Refinement Equation. An srthogonal multiresolution of L2(M) 



(or wavelets analysis) ^ is a chain of closed subspaces indexed by all integers: 

•••y-2 C y-i C ^0 C c ^a--- , 
if it has the following properties: 

1. Completeness, lim Vn = L2(JS.) and lim Vn = {0}. 

71 — ^oo n — > — oo 

2. Scale Similarity. fn(x) G Vn <^ fn{'2x) S Vn+i- 

3. Translation Invariance. Vq has an orthonormal basis {(l){x — n) | n e Z} 
consisting of all integral translates of a single function (j){x) — the mother 
wavelet. 

Example 4.6. The classic decomposition is obtained by means of the Haar 
wavelet: 

r 1 if.Te(0,i); 

(l>{x) = l -1 ifxe(i,l); 
[ otherwise. 

From the above conditions we obtain the following refinement equation for the 
mother wavelet (j){x): 

oo oo 

(13) 0(x) = 2 J2 hkcl)(2x-k) or 'Z' (|) = '^hk<l>{x - k). 

k— — oo /c— — oo 

Let us introduce a function h(n,j) which is the I'-th power convolution over Z of 
the sequence 2ft,„ with itself. It is easy to see Example 3.16] that h{n,j) is a 
token: 



h{n,j+j')= J2 h{k,j)h{n-k,j') 



k— — oo 

From Z to N. Now identity ( p!^ ) just state that functions ipxin,j) — (l>{2^x + n) is 
a dual token (the kernel of an associated delta family § 4.1]) to h{n,j) for any 
fixed cc S M. Particularly we should have: 

oo 

'4'x{j,n + n') = ^ 'ilJx(k,n)iljx{j - k,n'), 

k— — oo 

or equivalent translation back to the function 0: 

oo 

(j){2^ X + n + n') ^ J2 (l){2''x + n)(j){V-''x + n'). 
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X 




u 1 i i i — ^ 

(b) *i «i «2 is h T 



Figure 2. Repeated applications of the token property ( p^ on 
Fig. (a) leads to integration over paths on Fig. (b). 

4.5. Quantum Mechanical Propagator. Let a physical system has the con- 
figuration space Q. This means that we could label states of the system at any time 
to S K by points of Q. For a quantum system the principal quantity is the propa- 
gator 1^, § 2.2], [ p!9| , § 5.1] K{q2,t2;qi,ti) — a complex valued function defined on 
Q X M X Q X M. It is a probability amplitude for a transition from a state qi at 
time ti to 52 at time t2. The probability of this transition is 

P{q2,t2;qi,ti) = \K{q2,t2;qi,ti)\'^ . 

Let us fix any ti, ti < ti < t2- We assume that 

(14) K{q2,t2;qi,ti) ^ / K{q2,t2;qi,ti)K(q^,ti\qi,ti) dqi, 

Jq 

i.e. there exists a measure dq on Q with the following property. The system could 
be at time ti at any point qi. The transition amplitude qi ^ ^2 is a result of all 
possible transitions amplitudes qi qi q2 integrated over dqi. 

We would like to show now that a propagator K is a token in fact. To do that 
we consider two semigroups: the semigroup M'^ of time intervals [^1,^2] and the 
semigroup of space intervals [qi , (72] • In the both cases the semigroup multipli- 
cation * of two intervals is given by formulas analogous to (||). Now we consider 
a propagator K{[qi,q2], [ti,i2]) — K{q2,t2; qi,ti) as a function on R-^ x Q^. Then 
the principal property of a quantum propagator ( |l4[ ) could be restated as 

K{[qi,q2],[ti,t']*[t',t2]) 

= f Ki[q,,q%[ti,t'])K{[q,,q']-'[qi,q2],[t',t2])d[qi,ql 
Jq2 
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which is exactly yet another reahsation of the defining property of tokens. 

There is an exciting but non-rigorous tool — the Feynma n path integral ||7| — to 
calculate a propagator. For example it is completely strict if applied to convolution 



polynomials [11 1 and expresses them via cumulants p'f^{0) (^) as 



oo 

mVp exp / {-ipk' + h{p)) dt, h{p) = Y^ p'^ (0) 



IT' 

k=0 



where the first integration is taken over all possible paths k{t) : [Q,x] ^N, such 
that k{0) = and k{x) — ^, and the path p{t) : [0,x] — > [— 7r,7r] is unrestricted. It 
is enough to consider only paths k{t) with monotonic grow — other paths make the 
zero contributions. Indeed the identity (a;) = for I < (made by an agreement) 
implies that contribution of all paths with k'{t) < at some point t vanish. Here 
(and in the inner integral of (|l|)) k'{t) means the derivative of the path k{t) in the 
distributional sense, i.e. it is the Dirac delta function times ^ in the points where 
k{t) jumps from one integer (mod -) value k{t — 0) ~ — to another k{t + 0) — liiil 
Note that (n5[) provides an algorithm for a quantum computation of a combinatorial 
quantity |ll| . 

In fact the heuristic procedure defining Feynman path integral could be applied 



to any token |11, Rem. 4.3] with different levels of rigour however. We hope to 



consider this topic elsewhere. 

5. Conclusion 

The variety of examples of tokens from different subjects given in the previous 
section generates a suspicion that very little could be said about tokens in general. 
Fortunately it is possible to show that many important properties of convolution 
polynomials |T^ (or polynomial sequences of binomial type [16, ^) are [true foi 



bokens in general [H]. Therefore all mentioned and many unmentioned areas could 
benefit from the general theory of tokens on semi- and hypergroups. We saw that 
tokens are similar to intertwining operators but are more flexible. The new fron- 
tiers for intertwining operators in functional calculus and quantum mechanics were 



outlined in |10|, it may be very interesting to extend those ideas from intertwining 



operators to tokens. 

Acknowledgments 

A am grateful to Franz Lehner for useful discussion of this subject and critical 
remarks about this notes and my paper 



References 



N. I. Akhiezer. Lectures on Integral Transforms. American Mathema t ical Society, Providence, 
RI, 1988. Translated from the Russian by H. H. McFaden. 0, ^ 

Marilena Barnabei, Andrea Brini, and Giorgio Nico letti. Polynomial sequences of integral 



2.2 



type. J. Math. Anal. AppL, 78(2):598-617, 1980. 
Pierre Cartier. Mathemagics (a tribute to L. Euler and R . Feynman). Sem. Lothar. Combin.. 
44:Art. B44d, 71 pp. (electronic), 2000. MR [# 1814857[ | 



10 



VLADIMIR V. KISIL 



Ingrid Daubechies. Ten Lectures on Wavelets, volume 61 of CBMS-NSF Regional Conference 
Series in Applied Math ema tics. Society for Industrial and Applied Mathematics (SIAM), 
Philadelphia, PA, 1992. O 



Peter Doubilet, Gian-Carlo Rota, and Richard Stanley. On the foundations of combinatorial 
theory. VI. The idea of generating function. In Lucien M. Le Cam, Jerzy Neyman, and 
Elizabeth L. Scott, editors, Proceedings of the Sixth Berkeley Symposium on Mathematical 
Statistics and Prob abil ity, pages 267—31 8. U niversity of C alifo rnia Press, Berkeley, Calif., 
1972. Reprinted in ^ pp. 83-134] and @ pp. 148-199]. |!|, | 

Lawrence C. Eva ns. Partial Differential Equations. American Mathematical Society, Provi- 



4.2 



dence, RI, 1998. 
R.P. Feynman and A.R. Hib bs. 
Company, New York. 1965. [4.e|. 



nomial enumeration on dissects 



uantum Mechanics and Path Integral. McGraw-Hill Book 



Trans. Amer. Math. Soc, 202:1-39, 1975. 



Vladimir V. Kisil. The 
d.v^nqe.n. 1 9^2^31 5-: 
Zbl 



umbral calculus: a model from convoloids. Z. Anal. Anwen- 



# 0959.43004 



rint: 



arXiv : f unct-an/9704001 



MR # 2001g:05017 



Vladimir V. Kisil. Meeting Descartes and Klein som ewhere in a noncommuta tive space. In 
Procedsings of ICMP2000, page 25 p., 2002. E-print: ^rXiv :math-ph/0112059l | 
Vladimir V. Kisil. Polynomial sequen ces of binomial type a n d o a th integ rals. Ann. of Com- 



binatorics, 2002. (Submitted)E-print: ^rXi v : math/9808040 
Donald E. Knuth. Convolution polvnomials . Preprint, Stanford 



I d p a th 



4.5 



[ford U niv., 
001 



http: / /www-cs- 



faculty.stanford.edu/''knuth/papers/cp.tex.gz, February 1996. 
Joseph P.S. Kung, editor. Gian-Carlo Rota on Combinatorics: Introductory Papers and 
'ommentaries, volume 1 of Contemporary Mathematicians. Birkhauser Verlag, Boston, 1995. 

Lutz Mattner. 



W 



lat arc cumulants? 



# 2001a:60017, 2.4 



Doc. Math., 4:601-622 (dectronic), 1999 



MR 

Willard Miller, Jr. Lie Theory and Special Func tion s . A cademic Press, New York, 1968. 
Mathematics in Science and Engineering, Vol. 43. [i s] 

Ronald MuUin and Gian-Carlo Rota. On the foundation of combinatorial theory (III): Theory 
of binomial enumeration. In B.Harris, editor. Graph Theor y a nd Its Applications, pages 167- 
213. Academic Press, Inc., New York, 1970. Reprinted in ]|l^ pp. 118-147]. 0, | 
S. Roman and Gian-Carlo Rota. The umbral calculus. Adv. in Math., 27:95-188, 1978. ^ 
Gian-Carlo Rota. Finite Operator Calculus. Academic Press, Inc., New York, 1975. |5| 
Lewis H. R yder . Quantum Field Theory. Cambridge University Press, Cambridge, 2nd edi- 
tion, 1996. ri] 

Richard P. Stanley. Enumerative Combinatorics . Vol. 1. Cambridge University Press, Cam- 
bridge, 1997. With a foreword by Gian-Carlo Rota, Corrected reprint of the 1986 original. 



2.4 



Richard P. Stanley. Enumerative Combinatorics. Vol. 2. Cambridge University Press, Ca 



brid 



4.2, 4.2, 4.2 



] 999 . With a foreword by Gian-Carlo Rota and Appendix 1 by Sergey Fomin. 



N. Ja. Vilenkin. Special Functions and the Theory of Group Representations. American Math- 
ematical Society, Providence, R. I., 1968. Trans lated from th e Russian by V. N. Singh. Trans- 



4.4, 4 



4^,0 



lations of Mathematical Monographs, Vol. 22. 
E. T. Whittaker and G. N. Watson. A Course of Modern Analysis. Cambridge University 
Press, Cambridge, 1996. An introduction to the general theory of infinite processes and of 
analytic functions; wit h an account of the principal transcendental functions. Reprint of the 
fourth (1927) edition. O 



School of Mat hematics. University of L eeds. Leeds LS2 9JT, 
E-mai l address: ^isilvOmaths . leeds . ac . uh 



URL: ittp: //maths . leeds . ac .uk/~kisilv/| 



UK 



